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This paper is concerned with the study of a large class of linear abstract 
evolution equations with singular coeffkients under Kato’s hyperbolicity 
assumptions. Existence and uniqueness results for strong and strict solutions are 
obtainer I in suitable weighted spaces. 
Let E b: a Banach space (norm 1. k) and let {A(t)},,,,,,, be a family of 
linear operators A(t): D(t) E E --t E with dense domain in E. 
Conside. the problem 
4(t) u’W = A(t) u(l) +.I?), t E IO, q (P) 
plus, eventually, an initial condition, 
where 4: [O, T] + [0, +co] is an arbitrary function such that 
0 < 4(t) < +co a.e. in [0, T], 
l/O E GOE(IO~ TIh
and u’ der:otes the time derivative of u(t). 
This formulation includes many kinds of singular and degenerate evolution 
equations which have been extensively studied essentially in the parabolic 
framework (see, for example, [l, 6, 8, 13, 141). 
In this paper we use semigroup techniques to study problem (P) in the 
hyperbolic case (for a variational approach to this subject we refer to 
Bernardi [ 31). 
As the : ransformation u(t) = v(Z(t)) re d uces (P) to a problem of type (PI) 
or (PJ (s ated below) according as l/rp is integrable or not on [0, T], with 
Z(t) = jb dr/#(s) in the former case and Z(t) = exp[-J‘T ds/#(s)] in the latter, 
we have omitted here the detailed statement of the results concerning the 
general pr sblem (P). 
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In Section 2 we consider the case 4(t) = 1 and, by relaxing the 
assumptions on {A(t)}, we generalize the results of Kato [ 1 l] (as well as 
those of Da Prato and Grisvard [5] and Da Prato and Iannelli [7]) for the 
abstract evolution equation 
tlo, T[: 
(PI) 
under classical stability assumptions on (A(t)}. 
In addition we prove (see Remark 2.2) that the same results are valid 
under the weaker assumptions of quasi-stability introduced by Kato in [ 121. 
In Section 3 we study the case #(t) = t, obtaining existence and uniqueness 
results in an appropriate weighted space for the singular abstract equation 
tu’(t> = A(t) u(t) +f(t), t E 10, T[. (PA 
A priori no initial condition can be imposed here. 
Finally, in Section 4 the results of Sections 2 and 3 are applied to the 
study of a second-order singular hyperbolic equation of the form 
#2(t> u”(t) + Cu(t) =f(t), t E IO, T[, 
u(0) = 0, 
u’(O) = Y, 
where, for simplicity, A(t) = C does not depend upon t and C is assumed to 
be a selfadjoint strictly positive linear operator on a separable Hilbert space 
H. 
We remark that the last problem has also been studied by Bernardi (see 
[4]) in a quite different setting, using variational methods. 
1. NOTATIONS AND DEFINITIONS 
If E is a Banach space and L: D(L) c E + E is a linear operator, we 
denote by p(L) the resolvent set of L and by R(J, L) the corresponding 
resolvent operator. 
Let (A(t)} be a family of linear operators defined almost everywhere (a.e.) 
in [0, T]. The family is said to be w-measurable (see [5]) in E if there exists 
o E IR such that ]w, +co[ G&4(t)) a.e. in [0, T] and the mapping 
t -+ R(A, A(t))x is measurable for any x E E and for any jl E ]w, +co [. 
On the other hand, the family (A(t)} is said to be (M, co)-stable (see [ 111) 
if 
IR(~,A(t,))R(~,A(t,)) .-a WAt,)l,,,, GM@ -w)-” 
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for any ;1 :, w, k E IN and 0 < t, < t, & +. . < t, & T, where M is a positive 
constant and o E R. Of course only those ti where A(ti) is defined are con- 
sidered. 
All the existence results of this paper will be proved under the following 
conditions: 
(i) , ( 4(t)} is w-measurable and (AI, co)-stable in E, 
(ii) hlere exists a separable Bunuch space F Gds E (norm 11. llr;) (H) 
s rch that F G D(t) u.e. in [0, T] and {A(t) IF} 
i! r,wneusuruble and (N, q)-stable in F, 
where the symbol Gds denotes continuous and dense imbedding, and A(t) II,. 
denotes the part of A(t) in F, i.e., the operator 
D(A(t) IF) = {X E D(t) n F/A(t)x E F}, 
A(t)(,x=A(t)x \Jx E WA(t) IF) 
(clearly ii) implies the separability of E). However, in Section 2 it will be 
proved that the same results can be obtained, with slight modifications, 
under the rrore general condition of quasi-stability introduced by Kato in 
[12]. One siys that the family {A(t)} is quasi-stable if 
for every finite family of real numbers (ti, Ai) such that 0 < tI <t, < ..a < 
t, < T, A, > P(tl),..., 1, > lj(tk), where M is a positive constant and /3(t) is an 
upper integ*able function defined almost everywhere in [0, T]. Once again, 
one considers only those ti where A(t,) and P(tJ are defined. We shall say 
that P(t) is a stability index for {A(t)}. 
Now let XC L&,, (IO, T], E) b e a Banach space. Consider the following 
linear operators in X: 
DA) = {u E X/u(t) E D(t) a.e. in [0, T] and A(.) u(.) E X}, 
(Au g(t) = A(t) u(t), 
DB)= {uEx/~(-)U’(‘)EX}, 
(Bu I(f) = -$4(t) u’(t) 
(the derivat ve is taken in the distributional sense). 
Then we can write (P) in the form 
Bu+Au=-J 
(1.1) 
(l-2) 
(1.3) 
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One says that u is a strict solution of (1.3) in X if u E D(B) n D(A) 
and u satisfy (1.3); whereas u is said to be a strong solution of (1.3) in X 
if there exists a sequence {uk} c D(B) n&4) such that uk --tx u and 
Bv,+Az~,+~-f: 
We shall see that, depending on 4(t), an initial condition may or may not 
be needed for uniqueness. In the former case we also require in the above 
definitions the condition u(O) = x for strict solutions, and v~(O)--+~ x for 
strong solutions. 
2. THE CASE $(t) = 1 
In this section we solve the abstract Cauchy problem 
u’(t) = A(t) U(t) +f(t), t E 10, T[, 
u(0) =x. 
Let us set 
PI> 
D = {x E E/x E D(t) a.e. in [0, T] and A(.)x E L”(E)]. 
(Often we shall use the simplified notation L’(E) = L’(O, T, E).) 
THEOREM 2.1. Let E be a reflexive and separable Banach space. Assume 
that (H) is verified and that 
(2.1) 
Then, for any p E [ 1, +03 [, f E L’(E) and x E D (the closure of D in E), 
the problem (P,) has a unique strong solution u in L’(E). 
Moreover, u E CO([O, T], E) and, if u, is the solution of the Yosida 
approximating problem 
4(t) =A,(0 u,(t) +fW, t E IO, T[, 
u(0) = x 
(m 
(A,(t) = n2R(n,A(t)) - nl), then u, + u in C’([O, T], E). 
Remark 2.1. E is assumed to be reflexive in order to apply the results of 
[5] and [7]. 
We note that (2.1) is meaningful since AJt)x +f+, A(t)x for any x E F 
(a.e. in [0, T]), and then, by assumption (H), the map t -+ ]A(t)]Y(F,Ej is 
measurable (remember that F is separable). Clearly, when the measurability 
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of this map can be proved directly, one can drop the separability 
assumptior s on E and F. 
Prooj lt is convenient to write (PI) in the form 
where 
yo: w’*~(E)~D(A)+L~(E)@E, 
YOU = 1-P + A)% u(O)}, 
and A, B are defined according to (1.1) and (1.2). By assumption, 
G(lO, TIT F) 5 D(A), so that y,, has dense domain in L”(E). 
Following [7] we deduce that y. is preclosed and that its closure y is 
injective ar d has closed range. Moreover, any strong solution is continuous 
in t and is the limit of the solutions U, of (P:). 
It only remains to prove that y has dense range in LP(E) @ fi, Take 
fE CF(]O, T], F) and x E D; then, by Theorem 7.4 of [5], we obtain a 
unique strong solution of the equation 
yv = If+ Ax, 01, 
and, setting u = v + x, we have 
We have proved the existence of a (unique) strong solution of the problem 
(PI) for ar y initial value x E 0, and, in general, D is not dense in E. In 
Section 4 we shall see an example in which fi is a nontrivial subspace of E. 
However, if (2.1) is verified also for E = 0, then FE D, so that D = E. 
Moreover, n this case we obtain the following regularity result: 
THEOREBI 2.2. In the same assumptions of Theorem 2.1, iffurther p > 1, 
x E F, f E jdp(F) and 
i TIA(t)lP,,,,,, dt < + ~0, 0 
(2.2) 
then the peoblem (PI) has a unique strict solution u. Moreover, if F is 
reflexive, tlaen u E L m (F). 
The procf is analogous to that of Proposition 4 of [ 71. 
Remark 2.2. In some relevant cases the stability conditions are not 
verified, wl- ile quasi-stability conditions are valid. 
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We claim that Theorem 2.1 and Theorem 2.2 are still true if in (H) we 
assume quasi-stability conditions. 
In fact, the transformation 
u(t) = o(t) . exp [ 1 (’ c(s) ds , 0 (2.3) 
where c(t) = max(O,P(t), s(t)} and P(t) (resp. s(t)) is a stability index for 
{A(t)} (for {A(r) IF}), reduces problem (PI) to 
v’(t) = A”(t) v(t) +.7(r), t E IO, q, 
v(0) =x, 
(2.4) 
where d(t) = A(t) - &ty and T(:<t) =f(t) . exp [-ik c(s) dsl. 
Let [E Lp(O, T) and assume that (A(t)} verifies (2.1) and that 
{A(t) - [(c)l} is O-measurable in E (resp. {A(t) IF - [(t)l} is O-measurable in 
F). Then it is easy to verify that (d(t)} is (M, 0)-stable in E (resp. {A”(t) IF} is 
(N, O)-stable in F), so that the Cauchy problem (2.4) has a unique strong 
solution in Lp(E) for any x E 0. In the same way one proves the existence of 
a (unique) strict solution u given by (2.3). 
3. THE CASE #(t)=t 
Here we study the equation 
tu’(t) = A(t) u(t) +&f(t), t E 10, T(. (PJ 
According to (1.2) let 
D(B) = {u E Lp(O, T, E)/tu’(t) E Lp(O, T, E)}, 
(Bu)(t) = -tu’(t). 
In this section we always take p E [ 1, +a~ [. 
LEMMA 3.1. The operator B generates the strongly continuous semigroup 
in L”(0, T, E) defzned by 
(S(t)u)(s) = u(s . e-‘). 
Moreover, p(B) 2 ] l/p, $00 [ and 
(Z?@, B)y)(t) = t-” 1; s’- ‘y(s) ds VA > I/P, (3.1) 
IR@,B)I < (A - UP)-’ VA > l/p. (3.2) 
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Finally, !fy E D(B), then @ . y(f) E C’([O T], E) and 
lim t’lP . y(t) = 0. (3.3) 
t+o+ 
Proof: ‘The first part of the statement is very easy to verify. We only 
prove (3.3) Let y E D(B), A > l/p and let x = Ay -By. Then we have 
z(t) tsf p/p .y(t) = t-A+"P 
I 
t 
sA-'x(s)& (3.4) 
0 
Now take .x”} Ci(]O, T], E) such that x,+x in Lp(E) and set 
z,(t) = t”P * R(A, B) x,(t). 
Then, cler.rly, z, E Ci(]O, T], E) and, because of (3.4), zn(f) +E z(t) 
uniformly in (0, T], SO that z(0) = 0. 1 
PROPOSITION 3.1. rf the family {A(t)} is w-measurable and (M, o)- 
stable in E then 
(i) the operator A defined by (1.1) (with X = Lp(E)) has dense 
domain in Lp(E). Moreover, p(A) 2 10, +oo [ and 
IR(~,A)Ik<M(Lw)-k Vk E N, VA > w; (3.5) 
(ii) jbr n sufficiently large p(B + A,,) 2 ]o + l/p, soo [ and, for any 
1 > OJ + l/7, 
IR@,B +L ,)y(t)lE <Ktw-*+oZ’-) . ’ s~-‘-~-‘~/(‘-‘) . I y(S)IE& (3.6) 
where K is a constant indipendent of n. 
Proof. (i) follows directly from the definitions of w-measurability and 
(M, to)-staljility. 
We prove (ii). For any y E Lp(E) and A > w + l/p one wants to solve the 
equation 
lx,,-Bx,-A,,x,=y, (3.7) 
which is ecluivalent to 
z=y+n’R(n,A)R@+n,B)z, (3.8) 
SINGULARHYPERBOLIC EQUATIONS 51 
where I = (A + n) x, -Bx,. Because of (3.1) and (3.5) we have 
l[R(n,A)W + O>lk 4fIE (3.9) 
.I 
Sk-1 
&+“-I Iu(s,)&dSk 
0 
and, making use of Hardy’s inequality (see [lo], Theorem 330) k times, we 
obtain 
=I[n2R(n,A)R(A + n,B)lk u(t)J;dt I” 
I 
< Mn2k(n - w) -“(A + n - 1/p)-k ( 24 ILptE) * 
Then, by the contraction mapping theorem, (3.8) has a unique solution z 
and x, = I?(,4 + n, B)z solve the equation (3.7) (provided that n is 
sufficiently large). 
Moreover, (3.8) and (3.9) yield 
IR(~,B+A.)y(t)l,=IRt~+n,B) 2 [n2R(n,A)R(~+n,B)lky(t)lE 
k=O 
< Mn*(n -w)-’ . (/J + n - l/p)-’ . p-~-J/(-) 
1^ 
t 
. s.bl-w-02/(IMJ) . Iy(S)IEdSe 
0 
This proves (3.6). 1 
Now, owing to Proposition 3.1, it is not diffkult to prove the following 
PROPOSITION 3.2. Let {A(t)} be w-measurable and (M, w)-stable in E. 
Then, 
(i) fir any xED(A)nD(B) and 1 > o + l/p, 
1x1 u(E) < M(J - 0 - l/p) - ’ I Ax - Ax - Bx IL(E) ; (3.10) 
(ii) if u is a strict solution of (P2) in Lp(E) and w  + l/p < 0, then 
1 u(t& < Mt” f s - I-‘, If(s& ds; 
0 
(3.11) 
(iii) if D(A) n D(B) ’ d 1s ense in Lp(E), then (B + A) is preclosed. 
At this point we state the following uniqueness and regularity result for 
strong solutions of (P2) in Lp(E): 
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THEOREr4 3.1. If the family {A(t)} is w-measurable and (M, co)-stable in 
E, tfp E [ I, +a, [ and w  + l/p < 0, then, for any f E Lp(E), the equation 
(PZ) has a j most one strong solution in Lp(E). Moreover, tf u is a strong 
solution of (P2), then t’lP . u(t) E C”( [0, T], E) and 
lu(t& < Mt” . J’h’lf(s)l, ds vt E 10, q 
0 
(3.12) 
lim t’lp . u(t) = 0, (3.13) 
t+o + 
t lp * (B +A,)-‘f(t)-+ t”P. u(t) uniformly in [O, T]. (3.14) 
Proof By definition, if u is a strong solution of (PJ in Lp(E), then there 
exists ( vk} = D(A) n D(B) such that vk -+ u and (B + A) vk + -f (in Lp(E)). 
From (3.3) and (3.1 l), t’lP e v,Jt) is a Cauchy sequence in C”( 10, T], E) such 
that t’lP . z,Jt) ltco = 0; then t’lP . vk(t) + t’lP . u(t) uniformly in [O, T] and 
(3.12), (3.13) are verified. 
In ordf:r to prove (3.14) we note that the function z(t) = 
(B +A,,)-’ f(t) - v,Jt) solves the equation 
t?(t) -A,(t)z(t) =f(t) + (B +A) v,(t) + (A, -A) v&). 
Then, by (3.6), we have 
and (3.14) follows easily. 
Finally, the uniqueness of the strong solution is a direct consequence of 
(3.12). I 
In the next theorem the condition o + l/p < 0 is dropped and we obtain 
an existence and uniqueness result for (PZ) in the following weighted spaces: 
X, = {u: 10, T[ -+ E/t-%(t) E Lp(E)}. 
THEORE M 3.2. Let E be a reflexive and separable Banach space. Assume 
that (H) is veriJied and that 
.r T IAW&m dt < +a Vig E 10, T[. (3.15) E 
Then,foranypE [l,+or,[,a>w+ I/pandforanyfEX,,equation(P,) 
has a uni+e strong solution u in X, such that tt”+‘lPu(t) E C”( [0, T], E) 
and 
lim t-a+l’Pu(t) = 0. (3.16) 
t-to+ 
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Moreover, if u, is the solution of the Yosida approximating problem 
t&(t) = A,(t) u,(t) +fW, t E IO, T[, (p:> 
then 
t- “+l/PU&p+ t-“+‘lP u(t) uniformly in [0, T]. (3.17) 
Remark 3.1. Observe that (3.16) gives an implicit “initial trend” of the 
solution U: this makes clear why one cannot a priori require an arbitrary 
initial condition. Moreover, the same considerations of Remark 2.1 can be 
repeated here. 
Proof of Theorem 3.2. We may assume that a = 0 and f E Lp(E). 
Otherwise, if a # 0 and t-*f(t) E Lp(E), set g(t) = t-“f(t); then the solution 
u of (PJ is obtained from the solution v of the equation 
tv’(t) = (A(t) - aI) v(t) + g(t), t E IO, T[, 
by setting u(t) = t%(t) (note that {A(t) - al) is (M, o - a)-stable in E, with 
(w - a) + I/p < 0). Then the uniqueness of the strong solution, as well as 
(3.16) and (3.17), follow from Theorem 3.1. 
Let us prove the existence of a strong solution. First assume p > 1. 
Because of Theorem 2.1 of [5] it is sufficient to prove the following: 
(i) for any x E D(A) n D(B) and II > (0 + l/p, /xILacE) < 
M(1-o- l/p)-’ ]Ax-Ax-Bx]~~(~); 
(ii) D(A) n D(B) is dense in Lp(E); 
(iii) there exists x > cc) + l/p such that (II -A - B)@(A) n D(B)) is 
dense in Lp(E). 
The first inequality has just been proved in Proposition 3.2, while (ii) 
follows from the inclusion 
CiX]O, Tl, F) E D(A), 
which is not diffcult to prove using (3.15). 
Now let A > q + l/p and p > 1. Observe that assumption (H) allows us to 
obtain the same results of Proposition 3.1 with F in place of E and ?Z in place 
of w; in particular, for any y E Ci(]O, T[, F), we have 
IR(% B + ‘4,) v(t)lF < c Vt E 10, T[, (3.18) 
where c is an appropriate constant which depends only on y. Moreover, 
R(X, B + A.)y E D(B) n C:(]O, T], F) G D(B) n D(A) 
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and one cal write 
(lib4 -B)R(l,B +A,)y=y-(A 4”)R(X,B +A,)y. 
Then, to prove (iii), it suffices to verify that (A -A ,) R(;i, B + A Jy -+ 0 
weakly in I,p(E). If w  E D(A *) we have 
((A-A.)R(;i,B+A,)y,W)=(R(;i,B+A.)y,A*y/-A,*yl)~O. 
But D(A*) is dense in (L”(E))* (since E is reflexive) and 
So (iii) is z.lso proved. 
Now assume p = 1. For any fE L*(E) consider the corresponding strong 
solution ZJ of (Pr). Clearly u E L’(E) and it is easy to see that u is also a 
strong solution in L’(E). It follows that the range of A + B contains L*(E) 
and so is dense in L’(E). This completes the proof. 1 
Remark 3.2. As in Section 2, the same results obtained here are valid, 
with slight modification, under quasi-stability assumptions. 
We now give a regularity result: 
THEOREIJ 3.3. In the same assumptions of Theorem 3.$ if further 
a > max{L(;, II} + l/p, with p > 1 and if one of the following conditions is 
verified, 
(1) .‘,’ I~ttlP,,,,m dt < +a and tPf E La’(F), 
(2) IIC > 0: IA(t)lg7P(F,E) < c and t -“f E LP(F), 
then equabon (P2) has a unique strict solution u. Moreover, ifF is reflexive, 
then, in th(’ first case, 
t-=u EL=‘(F), (3.19) 
while in the second case 
t-a+“pu E L”(F). (3.20) 
Proof. As in Theorem 3.2 we assume for simplicity that a = 0 > 
max(~,o)+l/p.LetfELP(I;),u=(B+A)-’fandu,=(B+A~)~1f:By 
hypothesis (Z-Z), using the same method as in Proposition 3.1, one proves that 
IIUn(t)ll,<KtqtEn “so’-“-‘.Ilf(s)lI~ds, J ” 
(3.21) 
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where K is a positive constant and E, 1 0 is an appropriate sequence in R ‘. 
Then, in case (2), using Hardy’s inequality, one sees that 
II ht IILPW G K IlfllLm (3.22) 
and then 
M%L(E) G CK IlfllLP(F)’ (3.23) 
But U, + u in Lp(E) and, by (3.23), there exists unk such that 
Au,,~ -1 v weakly in Lp(E). 
Our assumptions immediately imply that A is weakly closed, and hence 
u E D(A) and Au = v. Moreover, 
tu;k=A,,kunk+f-Au+f weakly in Lp(E) 
and so u E D(B) and M(t) = A(t) u(t) +f(t). 
Now, if F is reflexive, by (3.21), for every fixed t E IO, T[ there exists a 
subsequence u,,~ weakly convergent in F. Then, from (3.14), the fact that 
F G E implies 
%I,w k-+; 44 weakly in F 
and (3.20) follows directly from (3.21). 
On the other hand, if (1) is verified, then from (3.21) we have 
II urn II1.W) G K IlfllLW 
and 
Now one can proceed as in case (2). m 
4. SECOND-ORDER SINGULAR HYPERBOLIC EQUATIONS 
Let H be a separable Hilbert space and let C: D(C) + H be a selfadjoint 
linear operator in H with dense domain, such that 
3a>O:(Cu,u),>aJu(:, vu E D(C). (4.1) 
62 GIUSEPPE COPPOLETTA 
Moreover, let 4: [O, T] + R be an arbitrary function such that’ 
4 E C”([O, z-1) n C’(lO> m 
$40) = 0 and $0) > 0 in 10, T], 
F(t)>0 in IO, T]. 
(4.2) 
Here we study the equation 
#*(t> u”(t) + G(t) =f(t), t E IO, T[. (4.3) 
Let us firs. state some notation. Define 
E=J@H; F=K@J, 
where K i!; the Hilbert space obtained from D(C) by taking in it the scalar 
product 
04 U>K = (Cu, Cv),, (I u IK = I cu I”) 
and J is tl e completion of D(C) in the norm 
(24 1: = (Cl& U>l, 
(clearly J is a Hilbert space with the scalar product (u, v), = (CU, u)~). It is 
not difficult to verify that F Gds E. 
To analyze equation (4.3) we distinguish two cases: 
Case I: s,‘ds/#(s) = 0 < +co. Define II(t) = Ib &/4(s) and let 
I,u,: (0,8] -+ [0, T] denotes its inverse. Then the transformation 
u(s) = u(v,@>) 
4(v,(s>> ’ 
(4.4 ) 
w(s) = u’(v,@>) 
reduces (4.3) to 
u’(s) = A ,@I U(s) + G,(s), s E IO, q, (4.5) 
I It will be clear from the sequel that assumptions (4.2) on )(t) can be weakened. For 
example, if one assumes )‘(t) > -p in 10, T[, with /3 > 0, the same results can be obtained 
with slight r lodification. 
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where 
D(A 1(s)) = F = K @ J, 
The family {A r(s)} is (1, 0)-stable (and, clearly, O-measurable) in E. In fact, 
by definition of J, for every U = (z) E F, there exists a sequence {w,} E K 
which converges to w  in J, and so U, = (,j) --tF U. Then, for any s E IO, a[, 
n E N, we have 
It follows that IO, +co [ c p(A ,(s)) and 
Analogously one proves that {A,(S) IF} is (1, 0)-stable and O-measurable in F. 
This proves that the assumptions of Theorem 2.1 are verified ((2.1) is 
evident) and so we can solve (4.5) for any initial condition U(0) = (,“), with 
y E H. 
In conclusion we have proved the following 
THEOREM 4.1. Let the assumptions (4.1), (4.2) be verified and assume 
that si ds/#(s) = 8 < +oo. Let p, be the measure defined by 
&, 1 -=-. 
dt 4(t) 
Then, for any f E X = {g: 10, T[ + H/t --) g(t)/$(t) E Lp(O, T, ,a,, H)}‘, 
with p E [ 1, +co [, and for any y E H, the problem 
’ Lp(O, T, p, E) is the space of the (equivalence classes) of functionsj 10, T[ -+ E such that 
If(.)/: is p-integrable. 
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qP(t) u”(f) + Cu(t) =f(t), f E IO, q 
u(0) = 0, 
u’(0) = y 
(4.6) 
has a uniqlre strong solution u such that 
u E C”( [O, T], .I) n C’( [O, T], H). 
We say 1 hat I( is a strong solution of (4.6) if the corresponding function U, 
defined by (4.4), is a strong solution of (4.5) in Lp(O, 8, E). 
Case II: j”i ds/((s) = +co. Let 1*(t) = exp[ -Jr &/$@)I, and let 
wz: [0, l] --) [0, T] denote its inverse. Then the transformation (4.4), with 
y2(s) in plxe of w,(s), reduces (4.3) to 
O(s) = A,(s) U(s) + G,(s), s E IO, I[, (4.7) 
where 
0 
G2(s) = f(w2@)) i 1 #(wz(s)) 
and 
W,(s)) = r;, 
A,(s)U= 
( 
-W(v2(s)) 1 
-c o)(i) VU=(L)- 
As in case I it is not difficult to prove that (A2(s)} verifies the hypothesis 
of Theorerl 3.2. 
In conclusion, 
THEOREM 4.2. Let the assumptions (4.1), (4.2) be verlj?ed and assume 
that jl ds, o(s) = +a~. Let ,u2 be the measure defined by 
Then, for any fE X, = {g: 10, T[ -+ H/t -+ g(t)/@(t) E Lp(O, T, ,uu,, H)}, (see 
footnote (:!)), with p E [ 1, +oo [ and a > l/p, the equation (4.3) has a unique 
strong sol;ltion u such that 
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# E CO([O, T], J) n C’([O, q, H), 
!% d(t) . *.exp [ (a-$)j,T$]=o, 
lim d(t)-exp [ (a-$)[-$-]=0 t+o+ 
(hence, in particular, we have the implicit Cauchy condition u(O) = 0 and 
u’(0) = 0). 
Once again, the notion of strong solution of (4.3) is defined in analogy with 
Case I. 
EXAMPLE. Let B be a bounded “regular” open set of R” and let 
H = L’(Q). Consider the Cauchy problem 
t%“(t) = Au(t) +f(t), t E 10, q 
u(0) = 0, 
u’(O) = Y, 
where r E 10, +co [. Here we have 
D(C) = zP(l2) n H#rq, 
and J = H@). 
Cu = -Au 
Then, by Theorem 4.1 and Theorem 4.2, we deduce the following: 
(4.8) 
(a) If 0 < r < 1, then, for any y E L*(R) and for any f such that 
t-‘(‘+“p) .f(t)EL”(O, T,L*(Q)), (pE [l,+co[), the problem (4.8) has a 
unique strong solution u E CO([O, T], HA(fi))fY C’([O, T], L*(a)). 
(b) If 1 < r < +co, let p E [ 1, +co [ and a > l/p. Then for any f such 
that 
f(t) . t-‘(‘+‘/P) . exp 
( i 
+ E LP(O, T L*(q), 
(where CJ = (a - I/p)/(r - 1) is a positive constant, the problem (4.8) has a 
(uniq_ue) strong solution u if and only if y = 0. Moreover, u E C’([O, T], 
H,#2)) n C’([O, T], L*(G)) and 
lim u(t).t-‘sexp -+- =O, 
t-o+ i 1 
lim u’(t). exp + 
( ) 
= 0. 
t+o+ 
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(c) IFr=l letpE[l,+oo[ anda>l/p. Then,for anyfsuchthat 
a-’ .f(t; E Lp(O, T,L’@)), the problem (4.8) has a (unique) strong 
Lution u if and only if y = 0. Moreover, u E C”( [0, 7’1, HA@)) n C’( [0, 7’1, 
L*(R)) ant 
lim t-“q-u f u(t) = 0, 
t-o+ 
lim t’lPpa . u’(t) = 0, 
t-o+ 
where l/p -k l/q = 1. 
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